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1 Introduction

Note, this document is under development. Please look back for updated versions.

In this document is presented a brief theory (formulas only) for the elastic and chaotic pendulums in two
dimensions and some 4th order Runge-Kutta methods with first and second order time derivatives.

The Runge-Kutta methods are given only for the x-coordinate. But the same formulas can be applied to
the y-coordinate and z-coordinate (if present) as well.
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2 The elastic pendulum in two dimensions

θ̇ =
pθ

mr2

ṗθ = −mgr sin(θ)

ṙ =
pr

m

ṗr =
p2

θ

mr3
− k(r − l0) + mg cos(θ)

3 The chaotic pendulum in two dimensions

v1 = −(m1 + m2)gl1 sin(δ1) − m2l1l2δ̇
2

2 sin(δ1 − δ2)

v2 = −m2gl2 sin(δ2) + m2l1l2δ̇
2

1 sin(δ1 − δ2)

a1 = (m1 + m2)l
2

1

a2 = m2l1l2 cos(δ1 − δ2)

a3 = m2l
2

2

den = a1a3 − a2

2

δ̈1 =
a3v1 − a2v2

den

δ̈2 =
a1v2 − a2v1

den
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4 Runge-Kutta 4th order methods

4.1 First order time derivatives

h = dt

A = h · ẋ(xi, ti)

B = h · ẋ(xi +
1

2
A, ti +

1

2
h)

C = h · ẋ(xi +
1

2
B, ti +

1

2
h)

D = h · ẋ(xi + C, ti + h)

xi+1 = xi +
1

6
(A + 2B + 2C + D)

4.2 Second order time derivatives

h = dt

h2 =
1

2
h

A = h2 · ẍ(xi, ẋi)

β = h2 · (ẋi +
A

2
)

B = h2 · ẍ(xi + β, ẋi + A)

C = h2 · ẍ(xi + β, ẋi + B)

δ = h · (ẋi + C)

D = h2 · ẍ(xi + δ, ẋi + 2C)

K1 =
1

3
(A + B + C)

K2 =
1

3
(A + 2B + 2C + D)

xi+1 = xi + h · (ẋi + K1)

ẋi+1 = ẋi + K2
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